In this paper, hyperspherical three-body model formalism has been applied for the calculation energies of the low-lying bound 1,3 S (L=0)-states of neutral helium and helium like Coulombic three-body systems having nuclear charge (Z) in the range Z=2 to Z=92. The calculation of the coupling potential matrix elements of the two-body potentials has been simplified by the introduction of Raynal-Revai Coefficients (RRC). The three-body wave function in the Schrődinger equation when expanded in terms of hyperpherical harmonics (HH), leads to an infinite set of coupled differential equation (CDE). For practical reason the infinite set of CDE is truncated to a finite set and are solved by an exact numerical method known as renormalized Numerov method (RNM) to get the energy solution (E). The calculated energy is compared with the ones of the literature.
Introduction
In physics, role of few-body (two-or three-body) problems are very important for the proper understanding of the physics underlying the internal configurations and kinematics of more complex many-body systems, usually made of interacting bosons and (or) fermions. As few-body systems are the building blocks of more complex many-body systems, they are important not only in nuclear, particle, plasma, astro-nuclear or hyper-nuclear physics but in atomic physics as well. For example, the lightest few-body systems like neutral helium atom and helium-like ions have long history as subject of attraction for both theoretical and experimental investigations. These atomic systems constituting the simplest few-body problems in atomic physics are traditionally used as testing ground for different methods of description of the structure of atoms. On the experimental side, small natural line widths of transition among various metastable quantum states of helium-like systems allow spectroscopic measurements of very high precision. In addition, few-body systems made up of electrons, protons, muons, deuteron, kaon etc. and their antimatters are found to be of strong interest in many areas of physics including atomic spectroscopy, quantum electrodynamics, particle physics and astrophysics [1] [2] . In recent years, highly ionized atoms are being studied extensively to explain the origin of X-rays spectra from the solar corona and other astrophysical plasmas. It is worth mentioning here that highly ionized atoms can be produced in the laboratory by collision of ions with atoms or directing energetic projectile beams towards matter foils and their spectra can also be studied in the laboratory.
A number of theoretical methods have been adopted to investigate the bound state properties of atomic few-body systems. For example, we may refer the works of Lin [3] [4] [5] , Lin et al [6] in which the author(s) has (have) applied hyperspherical coordinates to Coulombic three-body systems to calculate channel potential, channel function, binding energies and some other observables of the systems. Huang [7] investigated muonic helium atom as a three-body problem in correlated wave function approach. Some more works which may be referred here include those found in references [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Rajaraman et al [18] presented results of three-body problems originated in the nuclear matter. Alexander et al [19] reported analytical results for the trimmer binding energies and other three-body parameters considering three-body system of identical bosonic atoms. Frolov [20] adopted exponential expansion based variational approach to construct highly accurate wave functions for the triplet spin states of helium like two-electron ions like Li + (atomic number Z=3] to Ne 8+ (atomic number Z=10]. The ground state properties of some two-electron and electron-muon atomic three-body systems has been studied by Rodriguez et al [21] applying the Angular Correlated Configuration Interaction (ACCI) approach. The calculated energy for negatively charged hydrogen-like systems; neutral helium-like systems, and positively charged lithium like systems. However, more accurate results for these systems are reported by Smith Jr et al [22] , Frolov et al [23] [24] [25] [26] [27] [28] [29] [30] [31] , Thakkar and Koga [32] , Goldman [33] , Korobov [34] and Drake [35] . Researchers like-Hylleraas and Ore [36] , Hill [37] , Mohr and Taylor [38] , Drake, Cassar and Razvan [39] , Frolov [40] , Mills [41] [42] , Ho [43] [44] and Wen-Fang [45] have explored the bound state properties of exotic positronium negative ion P s − (e + e − e − ). Ancarani et al [1] [2] also reported the ground and excited state energies for several three-body atomic systems obtained by applying ACCI approach. Kubicek et al [46] and Kondrashev et al [47] conducted experiments on production of He-like ions. In this paper we present energies of the low-lying bound 1,3 S-states of neutral helium and helium like two-electron Coulombic three-body systems having nuclear charge number Z in the range Z=2 -92. The resulting three-body Schrőodinger equation has been solved in the framework of hyperspherical harmonics expansion (HHE) formalism applying an exact numerical method known as renormalized Numerov method (RNM) [48] . The scheme of solution of the three-body Schrődinger equation in HHE approach has been described in more details in our earlier works [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] . In HHE approach for a general three-body system containing particles of arbitrary masses, there are three possible partitions and in the i th partition, the particle labeled i, acts as a spectator while the remaining two, labeled j and k form the interacting pair. For the calculation matrix element of the potential of the (jk) pair, V(r jk ), it is convenient to expand the chosen HH in the set of HH corresponding to the par- tition in which the potential r jk is proportional to the first Jacobi vector ξ i [49] and this has been done using Raynal-Revai coefficients (RRC) [63] . In the numerical procedure of computation of potential matrix elements of the two-body potentials involved in the system of three particles constituted by a relatively heavy and positively charged nucleus being orbited by two valence electrons, we used RRC of [49, 64] . The energies of the low-lying bound 1,3 S-states of several Coulombic three-body systems obtained by solving the three-body Schrödinger equation have been compared with the ones of the literature.
In Section 2, we will give a very concise description of the HHE method along with the scheme of transformation between two sets of HH which correspond to two different partitions. In Section 3, we will discuss the application of HHE to the low-lying bound spin singlet (spin S=0) and spin triplet (spin S=1) i.e. 1,3 S (L=0)-states of neutral helium and similar other systems to calculate the energies and compare them with the ones of the literature.
HHE Method
In the hyperspherical harmonics expansion (HHE) method for a general threebody system of particles of arbitrary masses m i , m j , m k as depicted in Figure  1 , the Jacobi coordinates [64] in the partition -"i" are defined as
where M = m i + m j + m k and the condition that (i, j, k) should form a cyclic permutation of (1, 2, 3) determines the sign of ξ i . The set of Jacobi coordinates represented by eq.(1) above corresponds to the partition, in which, the particle labeled "i" is the spectator and the remaining particles labeled "j" and "k" form the interacting pair. The reason behind such nomenclature is that the calculation of matrix element of V( r jk ) in terms of the above set of Jacobi coordinates is straight forward. In the similar manner, we can also define two other sets of Jacobi coordinates by cyclically permuting i → j → k → i twice, which correspond to j th and k th partitions respectively. In hyper-spherical variables [65] [66] of the i th partition, three-body Schrődinger equation is
where
is the square of the hyper angular momentum operator satisfying the eigenvalue equation [67] 
is the normalized eigenfunction known as hyperspherical harmonics (HH), L is the total orbital angular momentum of the system with M as its projection,
} is a short hand notation and [] LM indicates angular momentum coupling. The quantity N = 2n i +l ξi +l ηi (n i being a non-negative integer) is the hyper-angular momentum quantum number which is not a good quantum number for the three-body system. In terms of HH associated with a given partition, (say partition "i), the wave-function Ψ(ρ, Ω i ) is expanded in the complete set of HH
Substitution of eq.(5) in eq.(2), use of eq.(3) and the ortho-normality of HH, leads to a set of coupled differential equations (CDE) in ρ
For central potentials, computation of the matrix elements of the form
is straight forward, while for matrix elements of the forms
> computations become very complicated even for central potentials. This is because the vectors ξ j or ξ k depend on the polar angles of the vectors ξ i and η i . Vectors ξ k and η k can be expressed in terms of ξ i and η i using eq. (1) as
is an even (odd) permutation of the triad (1 2 3). Now for any arbitrary shape of the central potential with non-vanishing L, most of the five dimensional integrals have to be done numerically which makes the calculation time consuming and inaccurate. However computation of the latter matrix elements can be greatly simplified using the following prescription. At first it is to be noted that each of the complete sets of HH {H N αi (Ω i )}, {H N αj (Ω j )} or {H N α k (Ω k )} span the same five dimensional angular hyperspace. Then a particular member of a given set, say H N αi (Ω i ) can be expanded in the complete set of {H N α k (Ω k )} through a unitary transformation:
As N, L, M are conserved for eq.(9) and there is rotational degeneracy with respect to the quantum number M for spin independent forces, we have
Thus, eq.(9) can be rewritten as [52] 
The coefficients involved in eq. (10) and (11) are called the Raynal-Revai Coefficients (RRC) and these are independent of M due to overall rotational degeneracy. In terms of these coefficients, the matrix element of a central interaction V ij then becomes
The matrix element on the right side of eq.(12) has the same form as the matrix element of V jk in the partition i and can be calculated in a straight forward manner. Thus computing the values of RRC's involved in eq.(12) using their explicit expressions found in [49, 63] , one can calculate the matrix element of V ij easily. Similar prescription can also be employed for the calculation of the matrix element of V ki .
Application to Coulombic three-body systems
We apply the scheme of RRC to the low-lying bound 1,3 S (L=0)-states of Coulombic three-body system containing relatively massive and positively charged nuclear core plus two extra core orbital electrons. We label the nuclear core having mass m C and charge +Ze as the i th particle, two electrons of mass m j = m k = m and charge -e as the j th and k th particles respectively. For this particular choice mass of the system particles, Jacobi coordinates of eq.(1) in corresponding to the partition i becomes
where the dimensionless parameter
can be connected to the effective mass µ as
In atomic unit (ie.,h 2 =m=e 2 =1), eq.(6) becomes
Mass of the particles involved in the present calculation is partly taken from [1-2, 28-30, 68-69] . A straight forward evaluation of the matrix elements of last two terms in eq.(15) would be prohibitively involved both for analytical reduction to a computationally feasible form, as well as for the numerical calculation. Furthermore, the numerical calculation would be both inaccurate and time consuming. Application of RRC greatly simplifies the calculation, since in the partitions k and j, the third and fourth terms inside ket-bra <> notation in eq. (15) 
is reduced to
Zβ k ρcosφ k and Zβj ρcosφj respectively. In the case of two-electron ions,
In the case of a heavy nucleus, m C m and
We expand the three-body relative wave function in the complete set of HH appropriate to the partition i according to eq.(5). For the low-lying 1,3 S-states of two-electron systems the total orbital angular momentum, L=0. Consequently l ξi = l ηi . Hence the set of quantum numbers represented by α i is {l ξi , l ξi , 0, 0} and the quantum numbers {N α i } can be represented by {N l ξi } only. Furthermore for S=0, spin part of the two-electron wave function is anti-symmetric, hence the space part of the wave function must be symmetric under exchange of two electrons which allows only even values of l ξi (≤ N/2). On the other hand for S=1, spin part of the wave function is symmetric, hence space part of the wave function must be anti-symmetric under the exchange of the two electrons which allows only odd values of l ξi (≤ N/2) are to be considered. Corresponding HH is then given by [65] 
The matrix element of the two electron repulsion term in our chosen partition i is
in which suffix i on φ has been dropped deliberately as it is only a variable of integration. Similarly the matrix element of the third term of the total potential in eq. (15) in the partition k is
A similar relation holds for the matrix element of the last term of the total potential in eq. (15) in the partition j. Eq. (18) and (19) show that the matrix elements are essentially the same in the respective partitions, although l ξ k and l ξj are not restricted to only even or odd integer values. Each involves only a single, one dimensional integral to be performed numerically. Using eq. (12), matrix elements of the third and fourth terms of the total potential in eq. (15) in the partition i become
and
(21) In eq. (20) and (21) sums over l ξ k and l ξj respectively have been performed using the Kronecker -δ's in eq.(19) and a similar one with suffix k replaced by suffix j. Thus the calculation of the matrix elements of all the interactions become practically simple and easy to handle numerically.
Although the rate of convergence of HH expansion is reasonably fast [70] for short-range interaction potentials [67, [70] [71] , the same cannot be claimed for long-range coulomb potentials. So to achieve desired convergence, large enough N m value is to be included in the calculation. In the case of singlet spin (S=0) states, if all N values up to a maximum of N m are retained in the HH expansion then the number of such basis function is
if Nm 2 is odd. (22) and that for the triplet spin state (S=1) is
It can be checked from eq. (22) and eq. (23) is presented in Table 3 . The energies for still higher N m (> 28) may be obtained by following an extrapolation theorem suggested by Schneider [72] as discussed below. According to the theorem on convergence of HH one may expect following relation to hold for coulomb interaction:
and y, C are constants. If one obtains y and C by solving eq. (24) for N m =16 and 20 and uses eq. (24) Table 2 . We select a value of N m (= N M ) for which ∆B Nm is of the same order as the overall numerical error ( ) in the calculation of B Nm with N m ≤ 28. Since, for any N m > N M , the correction ∆B N M will be smaller than and hence unreliable due to the finite numerical precision in solving the CDE. We estimated to be about 4 × 10 −5 for a double precision calculation using dual-core based personal computer. The corresponding extrapolated results are presented in bold in column 4 of Table 4 and in columns 4 & 7 of Tables 5-7 together with some other results including the experimental ones for the low-lying 1,3 S-states wherever available. The term exact as the subscript of E in the 5th column of Table 5 refers to the results which were obtained by highly accurate variational procedures that involved very large numbers of linear and non-linear parameters [1] [2] [28] [29] [30] . The calculated energies for the low-lying bound 1,3 states for systems of different nuclear charge Z using data presented in column 3 of Table 4 and columns 3, 4 of Table 5-7 have been plotted in Figure 2 to see how the binding energies of the corresponding states depend on Z. To study the dependence of the convergence trend of calculated energy on Z, the difference in energy ∆B = B(N m + 4) − B(N m ) is plotted in Figure 3 for few cases of different Z. Using the calculated energy data presented in Table 3 Table 1 , it can be said that the energy of the lowest S-states in the lightest atom under consideration converges much faster than others with respect to the increase in N m values. This trend of convergence with respect to the increasing N m is slowed down gradually which can be viewed in two ways: (I) with respect to the increase in the level of excitation keeping nuclear charge number Z fixed and (II) with respect to the increase in the nuclear charge number (Z) for a particular level of excitation. For justifying our forgoing remarks -(I) we may compare the convergence trend in energy with respect to N m for 2 3 S and 4 3 S states of neutral helium He (Z=2) or for the corresponding states of highly ionized radon Rn 84+ (Z=86) by estimating and comparing the energy difference ∆B = B(N m = 28) − B(N m = 24) using the data presented in columns 4, 6 or those presented in columns 9, 11 of Table 1 . These estimates for 2 3 S and 4 3 S states of neutral helium (He) are 0.0244au, 0.0660au and those for Rn 84+ are 31.840au, 117.416au respectively thereby justifying our forgoing remarks -(I). Similar trends can also be seen in Figure 5 drawn for Rb 35+ as representative case using data of Figure 3 for few low-lying 1,3 S states of Rb 35+ and Rn 84+ respectively as representative cases. Furthermore it could also be noted that, although, the direct evaluation of the matrix element of 1 rij is possible in the partition i by the method of ref. [66] , it is not possible for an interaction other than Coulombic or harmonic oscillator type. For an arbitrary shape of interaction potential, a direct calculation of the matrix element of the potential will involve five dimensional angular integrations which make the calculation very time consuming and leaves door open for inaccuracies to creep in easily. Hence the use of RRC for quick and accurate computation of energy in such cases becomes inevitable. One may see from Figure 2 , that the calculated energy increases gradually with the increase in the charge number (Z) of the nuclear core of helium like Coulombic three-body systems ∞ X (Z−2)+ (X=He, Li, Be, C,....,U). An approximate value of the energy of the low-lying bound 1,3 S-states of any two-electron three-body system with a given Z can be estimated following empirical formula using the appropriate set of values of parameters p 0 , p 1 , p 2 , p 3 recorded in Table  8 B
The values of the parameters p 0 , p 1 , p 2 , p 3 presented in Table 8 are obtained by fitting the calculated energy data presented in Table 4 to Table 7 for the lowlying bound 1,3 S-states of two-electron Coulombic three-body systems having nuclear charge (Z) in the range Z=2 to Z=92. Figure 3 indicates that the rate of convergence in energy with respect to the gradual increase in the size of the basis states N m in the case of Rn 84+ (Z=86) is slower than that for Rb 35+ (Z=37). This convergence trend can be checked by observing the relative decrement in the height of the bars corresponding to a particular level of excitation of Rb 35+ ion as a representative case to study the convergence trend of energy of the low-lying bound S-states of a system with fixed Z using the data of Table 3 . And it is observed from Figures 4 and 5 , that the energies obtained for relatively lower levels converges earlier than the higher ones. Finally in Tables 4-7, the energies of the low-lying bound 1,3 S-states for several Coulombic three-body systems obtained by solving the truncated set of coupled differential equations by the renormalized Numerov method [48] in the framework of HHE aided by RRC, have been compared with the ones of the literature.
Conclusion
In conclusion, we note that the use of RRC in HHE method becomes inevitable for the solution of the three-body Schrődinger equation, if the interparticle interaction is other than Coulomb or harmonic type. Hence these coefficients are of immense importance for any type of interaction involved in threebody calculation. However in Tables 4, the calculated energy of the bound Table 4 and in columns 4,7 of Tables 5-7. The extrapolated energies agree fairly well with the corresponding exact values found in the literature. One of the important aspect of RRC's are that they are independent of r, and need to be calculated once only and stored, resulting in an economic and highly efficient numerical computation. Finally we note that by the present method one can describe the Coulombic three-body systems in a very systematic and elegant manner with assured convergence. The method could also be applied to more complex Coulombic or nuclear systems by the proper choice of inter-particle potentials and expansion basis.
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